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The correct calculation of cell void fraction is pivotal in accurate simulation of two-phase flows using a computational
fluid dynamics-discrete element method (CFD-DEM) approach. Two classical approaches for void fraction calculations
(i.e., particle centroid method or PCM and analytical approach) were examined, and the accuracy of these methodolo-
gies in predicting the particle-fluid flow characteristics of bubbling fluidized beds was investigated. It was found that
there is a critical cell size (3.82 particle diameters) beyond which the PCM can achieve the same numerical stability
and prediction accuracy as those of the analytical approach. There is also a critical cell size (1/19.3 domain size) below
which meso-scale flow structures are resolved. Moreover, a lower limit of cell size (1.63 particle diameters) was identi-
fied to satisfy the assumptions of CFD-DEM governing equations. A reference map for selecting the ideal computational
cell size and the suitable approach for void fraction calculation was subsequently developed. VC 2014 American Institute

of Chemical Engineers AIChE J, 60: 2000–2018, 2014
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Introduction

Gas-solid bubbling fluidized beds are commonly encoun-
tered in chemical, pharmaceutical, minerals, and food proc-
essing industries offering a high quality contact between the
solid and fluid phases. The design and operation of the bub-
bling fluidized beds strongly rely on accurate predictions of
the gas-solid two-phase flow characteristics.1 The computa-
tional fluid dynamics-discrete element method (CFD-DEM)
has shown to be effective in capturing the majority of mac-
roscale and microscale characteristics of the two-phase flow
while providing an insight into the underlying science specif-
ically at particle-scale.2–4 The quality of the simulation of
gas-solid bubbling fluidized beds, however, is found to be
strongly dependent on the accurate account of the particles
impact on the fluid flow.

In the CFD-DEM numerical approach, the presence of solid
particles in the two-phase flow is taken into account through
the introduction of local void fraction and fluid-solid interact-
ing terms in governing equations.5 The fluid-solid interacting
terms are often described as a function of local void fraction,
particle Reynolds number, and local particle-size distribution
(if polydispersed particles are dealt with).6–10 The local void
fraction defined as the fraction of gas or liquid volume in a
finite computational cell is often calculated based on the vol-

ume occupied by the solid phase (i.e., cell void frac-
tion 5 1 2 solid volume fraction).

The solid volume fraction in a cell is calculated mainly by
three approaches, namely the particle centroid method
(PCM), the analytical approach, and the alternatively nona-
nalytical approach. In PCM, if a particle centroid is inside a
cell, the entire body of the particle is treated to be in that
cell and hence the cell void fraction is calculated based on
the total volume of the particle. The analytical approach,
however, uses geometrical-based methods to exactly calcu-
late the actual volume of the particle in each cell. Alterna-
tively, the nonanalytical approaches also accurately calculate
the solid fraction in a cell by relating particles to the cell
through approximate schemes rather than by the geometrical
relationships between the particles and the cell as in the ana-
lytical approach.

Apparently the treatment using the entire body of a parti-
cle in PCM may lead to errors of up to 50% in the calcula-
tion of solid volume of a particle when the particle centroid
is near the cell boundaries. Such large errors in particle seg-
ment volume may result in incorrect prediction of local void
fraction and ultimately lead to unrealistic behavior in the
model outputs if the computational cell size is not large
enough. Several research groups11–15 have attempted to
improve the conventional PCM. For example, Zhao and
Shan13 developed an improved PCM to accurately calculate
the solid volume in a fluid cell based on the relative location
of particles to the cell. Their results exemplified the potential
pitfall associated with the conventional PCM when dealing
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with situations where the center of the concerned particle
crosses the boundary of two neighboring cells. The improved
PCMs reported in the literature were found to significantly
alleviate the inaccuracy of conventional PCM in the context
of those studies.

Analytical approaches have been developed to completely
overcome the inaccuracy associated with PCM for calculat-
ing the cell void fraction.16,17 The analytical approach, how-
ever, was found to be largely limited to one- and two-
dimensional (1-D and 2-D) systems and for rather simple
geometries with spherical particles. Wu et al.18 developed a
three-dimensional (3-D) analytical approach for typical non-
structured meshes (i.e., tetrahedral, wedged, or hexahedral)
and spherical particles by geometrical calculation. The
implementation of the approach, however, requires all
detailed information on the meshes (node, edge, face, cell,
and interconnections between them).

Indeed, for complex computational domains and/or
irregular-shaped particles, it is extremely difficult to imple-
ment the analytical approach to calculate cell void fraction.
To circumvent this problem, alternative nonanalytical
approaches have been proposed by a number of researchers,
including: (1) using porous cubes to represent real
particles19,20; (2) statistically averaging approach21,22; (3)
subelement methods23,24; and (4) spherical control volume
method.25–27 The advantage of these nonanalytical
approaches is the flexibility to handle complex domain geo-
metries. However, the simplistic nature of these approaches
often compromises the accuracy of the predictions.

In addition to the void fraction calculation, the accuracy
of the CFD-DEM model predictions using PCM is shown to
be highly dependent on the cell-to-particle size ratio, with
large cell-to-particle size ratios often providing the same
quality predictions as those of the analytical approach. How-
ever, it should be noted that increasing the cell size beyond
a critical value could compromise the fluid flow simulation.
In other words, it is essential to keep the cell size sufficiently
small compared to the macroscopic characteristic length of
the system, so major small-scale flow structures (i.e., meso-
scale flow structures in dense gas-solid flows)28 can be
resolved and hence realistic two-phase flow features can be
captured. van Wachem et al.29 found that the length of one
gas-phase cell should be in the order of 4–10 particle diame-
ters, whereas Wang et al.30 suggested the cell size be of the
order of 2–4 particle diameters and Tsuji et al.31 pointed out
the cell size should be in the range of 3–5 particle diameters.
Clearly, there is no consensus on the cell size that meets the
requirements for the application of PCM and also provides a
reasonable solution of the fluid flow. Moreover, according to
the assumptions (i.e., local mean fluid variables) for the
derived continuity and Navier–Stokes equations of the fluid-
phase flow in the CFD-DEM model,5 the cell size cannot be
too small compared to the particle size. However, to the best
of our knowledge, no publications so far have been found
quantitatively dealing with this lower limit of cell size to sat-
isfy the assumptions of CFD–DEM governing equations and,
thus, allow for the valid application of the CFD–DEM
model. A general rule or a reference map for the selection of
the ideal computational cell size is of much importance for
CFD–DEM simulations.

The aim of the present study was to investigate the influ-
ence of the accuracy of cell void fraction calculation on the
fidelity of CFD–DEM simulations of two-phase flows in the
context of gas-solid bubbling fluidized beds. To this end, the

conventional PCM and the analytical approach were used for
the calculation of cell void fraction. The influence of void
fraction calculated by PCM on CFD-DEM simulation results
was first demonstrated. Analysis of the cell size requirements
for the application of PCM and the reasonable solution of
fluid flow was then carried out. The lower limit of cell-to-
particle size ratio to satisfy the assumptions used in deriving
the CFD-DEM governing equations was also investigated.
Subsequently a reference map was developed for the selec-
tion of the ideal computational cell size and the suitable
approach for calculating the cell void fraction in CFD-DEM
simulations. The experimental data by van Wachem et al.29

was used as the benchmark for the comparison and valida-
tion of simulation results.

Mathematical Model

Governing equations

In a dense fluid-solid flow, a single particle is interacting
with neighboring particles, surrounding fluid, and computa-
tional domain boundaries. In general, the total force acting
on a particle comprises collision contact forces, fluid forces,
and a gravitational force. The equations for the translational
and rotational motion of particle i are

mi
dvi

dt
5fc;i1f f;i1mig (1)

and

Ii
dxi

dt
5Ti (2)

A soft-sphere model, specifically the linear spring-dashpot
model,31–33 was used in the present study to calculate the
total collision contact force fc,i. For brevity, the details of
this model are not given here.

The total fluid force (ff,i) results principally from the dis-
tortion of fluid streamlines passing around the particle and
the subsequent variation of local fluid stress tensor at the
particle surface. In a fluid-solid flow, the total fluid force act-
ing on particle i is expressed as

f f;i5 2Virp1Vi r � sfð Þ½ �1efd;i (3)

On the right-hand side of Eq. 3, the first term can be
regarded as the contribution from macroscopic variations of
the fluid stress tensor, and the second term represents the
contribution from the detailed variation of the point stress
tensor as the fluid flows around the particle.5

The local averaged continuity and momentum equations of
the continuum are5

@ eqg

� �
@t

1r � eqgug

� �
50 (4)

@ eqgug

� �
@t

1r � eqgugug

� �
52rp1r � sf1fsg 1eqgg (5)

where fsg is the local mean particle-fluid interaction force,
which is calculated based on the Newton’s third law by

fsg 52
XNp

i51

f f;i=DVc (6)

Considering the small dynamic viscosity of gas [at the
order of 1025 kg/(m�s) for air] and the significant density
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difference between the solid particle and the gas, the term of
viscous stress tensor gradient in the equation of fluid forces
(i.e., Eq. 3) is ignored in the present study. The validation of
this approximation is given in Appendix A. Similar treatment
to the viscous stress tensor gradient has been reported in the
literature.31,34 Accordingly, Eq. 3 reads

f f;i52Virp1efd;i (3a)

Substituting Eqs. 3a and 6 into Eq. 5, the momentum
equation of the fluid flow becomes

@ eqgug

� �
@t

1r � eqgugug

� �
52erp1r � sfð Þ1f 0sg 1eqgg

(5a)

where f 0sg 52refd;i and r 5 Np/DVc � fd,i is the fluid drag
force and calculated by

fd;i5
Vi

12eð Þ b ug2vi

� �
(7)

where b is the interphase momentum exchanging coefficient
and calculated by the Gidaspow draw law through the fol-
lowing expressions

b5

150 12eð Þ2lg

d2
pe

1
1:75 12eð Þqg jug2vij

dp

e � 0:8ð Þ

0:75Cd

qge 12eð Þjug2vij
dp

e22:65 e > 0:8ð Þ

8>>>><
>>>>:

(8)

where Cd is the drag coefficient and givens as

Cd5

0:44 Rep � 1000
� �

24

Rep

110:15Re0:687
p

� �
Rep > 1000
� �

8><
>: (9)

Rep is the particle Reynolds number based on the superfi-
cial slip velocity between the particle and the fluid and cal-
culated by

Rep5
qgdpejug2vij

lg

(10)

The CFD-DEM model implemented in the present study is
the pressure gradient force (PGF) model extensively
described in the literature.5,22,35 It should be noted that, how-
ever, to correctly implement the two-way coupling calcula-
tion, the fluid forces acting on a particle were calculated as
the point forces at the (central) position of a particle to con-
sider the distribution of particles in a cell.29,36,37 The forces
returned from particles to fluid (i.e., interphase momentum
exchange terms, f 0sg in Eq. 5a) were calculated as the sum
of fluid forces acting on each particle multiplied by the parti-
cle (segment) volume fraction in the cell.18,26 More details
with respect to the implementation of the interphase coupling
are given in the following subsections.

Mapping scheme from Eulerian variables
to point values

When calculating fluid-particle interaction forces, point
values of fluid velocity and cell void fraction at the particle
position are required. For convenience, the point value of a
variable at the particle position is denoted as /p. Conven-
tionally, an area (in 2-D) or volume (in 3-D) weighted aver-

aging technique, also called bilinear interpolation as
described by Hoomans et al.38 has been used to obtain these
point values from surrounding computational nodal values,
expressed by

/p5
1

DVc

XNn

i51

Vi/i (11)

where Vi is the bilinear volume function of the weighting
factor for /i. However, this nodal averaging technique may
lead to excessive smoothing of the heterogeneity of the local
variable variation within the cell.12 Moreover, when using
unstructured meshes, the above averaging technique becomes
difficult to implement due to the unavailability of proper
bilinear weighting function.

In the present study, we calculated the point values of
Eulerian variables based on their spatial gradient distribution
by39

/p5/c1 xp2xc

� �
�

XNf

i51

/f;iAf;i

� �
DVc

(12)

where /c is the variable value stored at the cell center and
/f is the face value interpolated by adjacent cells following
a certain numerical scheme (e.g., central-differenced, sec-
ond-order upwind, and third-order Monotone Upstream-
centered Scheme for Conservation Laws [MUSCL]). Equa-
tion 12 gives first-order accuracy of point values in a compu-
tational cell through a Taylor series expansion.

Calculation of cell void fraction

To study the influence of the accuracy of cell void fraction
calculation on CFD-DEM simulation results, the conven-
tional PCM and the analytical approach were used to calcu-
late the cell void fraction.

In the analytical approach, four scenarios may possibly be
encountered when a particle is spanning over a number of
structured cells, depending on the relative position of the
particle to the vertical and horizontal cell faces. Here, O rep-
resents the particle centroid and cell c0 denotes the cell that
contains the particle centroid. A new coordinate system is
established with point O as the origin point (see Table 1).
The analytical expressions for each scenario of particle-cell
geometrical relation are given in Table 1. The overlap
between wall and particles is negligible given the large
spring stiffness used in the simulations. However, the over-
lap has also been calculated and considered in the present
analytical approach, although this consideration would not
make significant difference in the prediction results.

Robust implementation of particle-fluid interactions

The dynamic effects of the presence of discrete particles in
a fluid flow are commonly taken into account by the terms
involving cell void fraction and particle-fluid interaction
forces. These two terms are often treated explicitly in the
numerical solutions.31,33,35 However, the explicit treatment of
particle-fluid forces may induce convergence difficulty in the
solution of a dense gas-solid flow.40 In the present study, we
calculated the particle-fluid forces semi-implicitly by treating
the particle velocity (vi) implicitly, as detailed below.

As the nonlinear momentum exchanging coefficient b is a
function of ug and vi, we first explicitly linearize b using ug
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Table 1. Analytical Approach for the Calculation of Cell Void Fraction

Scenario Perspective View Top View Particle Fractional Volume

A Vp;c05Vp

B Vp;c15pl2 rp2l=3
� �

Vp;c05Vp2Vp;c0

C I Vp;c25VE2BQC2F52
ÐhE

0

ABQC zð Þdz

Vp;c15VE2CQD2F5p rp2l0

� �2
rp2

rp2l0
3

� �
2Vp;c2

Vp;c35VE2AQB2F5p rp2l1

� �2
rp2

rp2l1
3

� �
2Vp;c2

Vp;c05VE2DQA-F5Vp2Vp;c12Vp;c22Vp;c3

ABQC ðzÞ5
1

2

p
2

2arcsin
l0ffiffiffiffiffiffiffiffiffiffiffiffi

r2
p2z2

q
0
B@

1
CA2arcsin

l1ffiffiffiffiffiffiffiffiffiffiffiffi
r2

p2z2
q

0
B@

1
CA

0
B@

1
CA r2

p2z2
� �

2
1

2
l0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

p2z22l2
0

q
2

1

2
l1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

p2z22l2
1

q
1l0l1

II Vp;c15p rp2l0
� �2

rp2
rp2l0

3

� �
Vp;c250

Vp;c35p rp2l1
� �2

rp2
rp2l1

3

� �
Vp;c05Vp2Vp;c12Vp;c3

D I
Vp;c65VE-BQC5

ÐhE

hQ

ABQC zð Þdz

Vp;c25VBQC2F5VE-BQC2F2VE-BQC5VE-BQC2F2Vp;c6

Vp;c55VE-DQC5
Ðrp

hQ

ABCDB zð Þ2ABQC zð Þð ÞdzVp;c1

5VDQC-F5VE-DQC-F2VE-DQC5VE-DQC-F2Vp;c5

Vp;c75VE-AQB5
Ðrp

hQ

AABCA zð Þ2ABQC zð Þð Þdz

Vp;c35VAQB-F5VE-AQB-F2VE-AQB5VE-AQB-F2Vp;c7

Vp;c45VE-AQD5p rp2hQ

� �2
rp2

rp2hQ

3

� �
2Vp;c5

2Vp;c62Vp;c7

Vp;c05VAQD-F5VE-AQD-F

2VE-AQD5VE-AQD-F2Vp;c4

II
Vp;c55

Ðrp

hQ

ADCD zð Þdz

Vp;c15p rp2l0
� �2

rp2
rp2l0

3

� �
2Vp;c5

Vp;c75
Ðrp

hQ

AABA zð Þdz

Vp;c35p rp2l1
� �2

rp2
rp2l1

3

� �
2Vp;c7

Vp;c45p rp2hQ

� �2
rp2

rp2hQ

3

� �
2Vp;c52Vp;c7

Vp;c05Vp2Vp;c12Vp;c52Vp;c32Vp;c72Vp;c4

D III
Vp;c55

Ðrp

hQ

AB0D0B0 zð Þdz

Vp;c75
Ðrp

hQ

AA0C0A0 zð Þdz

Vp;c252
Ðffiffiffiffiffiffiffiffiffir2
p 2l2

p

0

ABQC zð Þdz

Vp;c15p rp2l0

� �2
rp2

rp2l0
3

� �
2Vp;c52Vp;c2

Vp;c35p rp2l1

� �2
rp2

rp2l1
3

� �
2Vp;c72Vp;c2

Vp;c35p rp2hQ

� �2
rp2

rp2hQ

3

� �
2Vp;c52Vp;c7

Vp;c05Vp2Vp;c12Vp;c22Vp;c32Vp;c42Vp;c52Vp;c7

h: vertical distance from a point to the local coordinate origin O; z: vertical position of a x-y plane in the local coordinate; f0, f1: vertical cell faces that cut the
particle.
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and vi at the previous time step according to the drag law of
Gidaspow.41 Other terms such as pressure gradient and inter-
phase slip velocities are evaluated implicitly. The lineariza-
tion of b leads to a system of linear equations. If only the
fluid drag force and PGF are considered as fluid forces, then
the particle velocity can, thus, be calculated by

mi vn11
i 2vn

i

� �
5 2Virpn111

Vib
n
i

12en11
un11

g 2vn11
i

� �� �
Dts

(13)

Based on the value of vn11
i and abiding by the Newton’s

third law, the fluid-particle interaction forces are obtained.
The interphase momentum exchange terms are subsequently
calculated by summing up the fluid-particle interaction forces
on each particle in the cell, weighted by the particle frac-
tional volume as detailed above. Through the synchronized
calculations of particle velocity and gas flow velocity, the
two-way coupling gets numerically enhanced and signifi-
cantly increase the solution convergence time.39,40 The cal-
culation of fluid field normally converges within 15–20
iteration steps for the majority of simulations conducted in
this study, while the explicit scheme requires around 32.9%
more iteration steps to converge and correspondently
expends 16.1% extra CPU time to complete the simulation
of the same gas-solid flow time. In summary, the overall
algorithm for the code implementation of the CFD-DEM
simulation of a fluid-particle flow follows the routine
described in Figure 1.

Numerical Strategy and Methodologies

The semi-implicit method for pressure-linked equation
(SIMPLE) algorithm was used to solve the pressure-velocity
coupling equations of the fluid flow, namely the continuity
and momentum conservation equations (i.e., Eqs. 4 and 5a).
The quadratic upwind interpolation of convective kinematics
(QUICK) scheme was used for the spatial discretization of
the convection term. The diffusion term was discretized by a
central-differenced scheme that always is of second-order
accuracy. The Green-Gauss Node-Based method was used to
calculate the variable gradients for constructing values of a
scalar at cell faces and also for computing secondary diffu-
sion terms and velocity derivatives. A uniform gas flow was
introduced from the bottom inlet of the domain. The imper-
meable nonslip condition was applied at the solid wall boun-
daries and the pressure outlet boundary condition was
applied for the outflow.

The validation of simulation results was carried out using
the experimental data of van Wachem et al.29 For the pur-
pose of validations, the geometry of the simulated domain
(i.e., pseudo-2-D) and particle (polystyrene) properties were
kept exactly the same as those in the experimental work of
van Wachem et al.29 The detailed conditions and parameters
used in the simulations are listed in Table 2. The values of
restitution coefficient and the friction coefficient are taken
from literature.12,29 Sensitivity of simulation results to the
value of particle spring stiffness has been evaluated prior to
commencing the numerical study. The result showed that the
local and bulk gas-solid flow characteristics were almost
independent of the value of spring stiffness over the values
ranging between 103 and 104 N/m. For the sake of accuracy,
a value of 104 N/m for the spring stiffness has been chosen
for all computational cases in this study, corresponding to a

solid time step of 5 3 1026 s and a maximum particle nor-
mal overlap of 0.0013 rp (averaging over 10 s simulation)
under the inlet velocity of Usf 5 0.9 m/s. The total torque in
Eq. 2 was generated only by the tangential contact force,
and the contribution by the rolling resistance42,43 was
ignored. Details on the examination of the rolling resistance
torque are given in Appendix B. In each time step, the glob-
ally scaled residual of 1024 has been set as the convergence
criteria for solving gas-phase equations (i.e., Eqs. 4 and 5a).
The starting point of the solid phase was consistent in all
simulations with particles randomly packed in the bed. After
starting the gas flow, a time period of 5 s was set to allow
the gas-solid flow to reach the statistical steady state. The
data in the statistical steady state (5–10 s) were used for
analysis and discussion. Multithread parallel computation
(OpenMP) based on the shared memory was used to improve
the computational efficiency. For a typical parallel simula-
tion with 4000 meshes on two computational nodes (clock
speed 2.66 GHz, Smart Cache 12 M, and QPI speed 6.4GT/
s), it expends around 58.5 h to complete the simulation of
10 s gas-solid flow.

It is worth mentioning that as PCM is simply based on the
centroids of a particle and the computational cell, no further
calculations (e.g., particle cutting by cell faces, particle seg-
ment volume, and intersection between cell edges and parti-
cle segments as in the analytical approach) are required.
Therefore, the PCM code execution is much simpler. How-
ever, due to the inaccurate calculation of cell void fraction,
using PCM leads to difficulties in reaching numerical con-
vergence and often requires more iterations in each time

Figure 1. Flow chart of the overall algorithm for the
code implementation of the CFD-DEM two-
way coupling simulation of a fluid-particle
flow.
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step. As a result, the CFD-DEM solver using the analytical
approach showed better overall computational performance
than the solver using PCM, saving around 24% simulation
CPU time for typical runs in the present study.

Results and Discussion

Considering the domain geometry and the cell shape are
rarely cubic in practical systems, here an effective length
based on the volume has been defined to represent the
domain size, Sd, and the cell size, Sc. In this study, Sd and Sc

are calculated by

Sd5
ffiffiffiffiffi
Vd

3
p

5
ffiffiffiffiffiffiffiffiffiffi
lxlylz

3
p

; Sc5
ffiffiffiffiffi
Vc

3
p

5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DlxDlyDlz

3
p

(14)

The results of the simulations are presented in terms of
ratios involving Sd and Sc.

Influence of void fraction calculations by PCM on
simulation results

The fluid dynamics in a gas-solid fluidized bed is typically
characterized by the pressure signal characteristics of the
bed.44 In the present simulations, we monitored the time
series of the local pressure. Figure 2 shows the fluctuation of
the cross-section averaged pressure at a height of 5 mm
above the distributor, predicted using PCM and the analytical
approach to calculate the cell void fraction in a densely
meshed domain with Sc/dp 5 2.38. It can be seen that while
keeping a reasonable average value, the transient pressure
fluctuates with unreasonably high amplitude with peak val-
ues reaching as high as 2491 Pa when PCM was used. The
observed fluctuations are much greater than those exhibited
by the analytical approach. The high amplitude fluctuations
observed using PCM can be explained as follows. When the
cell size is small in the order of a particle size, it is very
likely for a particle to span over several cells. The particle,
however, is only affiliated with the cell in which its centroid
is residing. The void fraction of the other cells containing
part of this particle is calculated not taking into account the
volume of this particle. As a result, the void fraction of the
affiliated cell could become unrealistically low, for example,
0.1423 under conditions of Figure 2. With such a low cell
void fraction, the drag force term in Eq. 5a becomes unreal-
istically large, which in turn destabilizes the solution of fluid
flow. Moreover, the earlier incorrect calculation of cell void
fraction leads to temporally unsmooth void fraction varia-
tion, which also renders the solution unstable as the govern-
ing equations of the gas-solid two-phase flow include a term
containing the time derivative of cell void fraction. Note that

in the simulations with PCM, a threshold value of 0.35 was
set for the cell void fraction to avoid the sudden abort of the
solution as a result of local extremes. However, the incorrect
cell void fraction calculated by PCM renders the simulation
results unrealistic and, thus, the unreasonable pressure spike
was observed in the simulation. Using the analytical
approach, the average value of the transient pressure over
the last 5 s of the two-phase flow was found to be 509 Pa,
which is in excellent agreement with the reported pressure
drop of 480 Pa (i.e., 6% error) measured by van Wachem
et al.29

Moreover, the normalized net mass flow rate was moni-
tored as a criterion of solution convergence and a measure
satisfying the mass conservation law to reflect the numerical
stability of the solution. The normalized net mass flow rate
is defined as the mass flow rate difference of inlet and outlet
normalized by the inlet mass flow rate, expressed as

Wm5

X
Kf;in 1

X
Kf;outX

Kf;in

(15)

whereKf5qgugAfef is the mass flow rate through the cell
face. Subscripts “in” and “out” denote the inlet and outlet of
the computational domain. ef is the cell face void fraction,
which is an interpolated value from the cell void fraction.
Figure 3 shows the time series of the normalized net mass
flow rate in the simulation using PCM and the analytical
approach for Sc/dp 5 2.38. It can be seen that when using
PCM to calculate the cell void fraction, the net mass flow
rate reaches up to 30% of the inlet mass flow rate at some
time instants. It simply suggests that the solution does not
even satisfy the mass conservation law and implies the simu-
lation has not or will never reach a converged solution. The
inaccurate cell void fraction leads to the unrealistic solution
of the fluid flow, which gives rise to the imbalanced gas
flow flux across the faces of this cell. Conversely, with the
analytical approach, the normalized net mass flow rate was
found to be less than 0.0005%, implying the mass conserva-
tion law is strictly satisfied in the present two-way coupling
solution. Note that the convergence criterion for the
pressure-velocity coupling solution is based on the scaled

Table 2. Simulation Conditions and Parameters

Fluid Phase
Domain size (mm3) 90 3 8 3 500
Gas density (kg/m3) 1.125
Gas viscosity (Pa�s) 1.8 e 25
Gas superficial velocity (m/s) 0.9, 1.3, 1.8, 2.3
Fluid time step (s) 1 3 1024

Solid Phase
Particle diameter (mm) 1.545
Particle density (kg/m3) 1150
Particle mass (kg) 0.039
Normal spring-stiffness (N/m) 104

Restitution coefficient (2) 0.9
Friction coefficient (2) 0.3
Solid time step (s) 5 3 1026

Figure 2. Local pressure fluctuation samples taken at
Usf 5 0.9 m/s for Sc/dp 5 2.38 at 5 mm above
the distributor using PCM and analytical
approach for calculating the cell void frac-
tion.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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residuals, which were calculated every iteration by summing
up the local absolute residual over all computational cells
and then normalizing the sum by the largest value in the first
five iterations. The convergence criterion of the normalized
net mass flow rate is often met earlier than those of the
scaled residuals. As a result, the obtained normalized net
mass flow rate is very low (in the order of 1 e 26). Some
noises are also observed due to the round off errors in the
fluctuation.37

Critical Sc/dp for applying PCM

Critical Value of Sc/dp. The application of PCM for cal-
culating cell void fraction over cell-to-particle size ratios (Sc/
dp) ranging between 1.39 and 7.41 (i.e., fine to coarse cells)
was examined and its effect on CFD-DEM simulations was
investigated. For the purpose of comparison, simulations
using the analytical approach have also been performed with
the same cell-to-particle size ratios. Two quantities were
used to verify the validity of PCM in the CFD-DEM
simulations:

1. The maximum local pressure obtained using PCM nor-
malized by that using the analytical approach, that is,
v 5 pmax, PCM/pmax, analytical. According to Eq. 5a, the
incorrect calculation of cell void fraction by PCM
affects the final flowing field solution and the unreason-
able pressure spike at one location was observed in our
numerical results, which leads to v >> 1.0. If a simu-
lation using PCM is stable, the predicted values of
local pressure should be comparable to those using the
analytical approach, that is, v � 1.

2. The maximum value of normalized net mass flow rate
(defined in Eq. 15), denoted by wm, max. If the solid
fraction was calculated incorrectly by PCM, the unrea-
sonable solution of the fluid flow field gives rise to
high local fluid flow fluxes across cell faces, which
lead to an unrealistically large wm, max. Conversely, if
the simulation using PCM is stable, wm, max should be
negligibly small, satisfying the mass conservation law.

The data over the last 5 s of the total flow time is used
for the statistical analysis. Figure 4a shows the dependence

of v and wm, max on Sc/dp (1.39–7.41) at Usf 5 0.9 m/s. As
Sc/dp increases (i.e., the cells become coarse), both v and
wm, max decrease indicating the diminishing impact of the
inaccurate cell void fraction calculated by PCM. This is
because as the cell size increases, the fraction of the particle
volume that is incorrectly being treated becomes negligible
compared to the cell volume. A significant drop is observed
in the values of both v and wm, max when Sc/dp varies from
3.79 to 4.77. For easy identification, the results in this transi-
tion region (i.e., Sc/dp 5 3.79–4.77) were shown separately in
Figure 4b, in which more ratios of Sc/dp with a small incre-
mental step were used. It can be seen that as Sc/dp increases
beyond 3.82, v varies around 1.0 and wm, max falls approach-
ing values around 0.001%. These results indicate that PCM
can provide stable simulations with similar results to those
using the analytical approach for Sc/dp� 3.82. Hence Sc/
dp 5 3.82 can be regarded as the critical value, greater than
which PCM can be used with confidence in CFD-DEM
simulations.

Discussion on the Critical Sc/dp. The above analyses
were performed at Usf 5 0.9 m/s for particles with a mini-
mum fluidization velocity (Umf) of 0.74 m/s. The average
bed voidage under these conditions given by the revised

Figure 3. Time series of the normalized net mass flow
rate using PCM and analytical approach for
calculating the cell void fraction at Usf 5 0.9
m/s for Sc/dp 5 2.38.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 4. Normalized maximum local pressure (45 mm
above the distributor) and normalized net
mass flow rate as a function of the cell-to-
particle size ratio at Usf 5 0.9 m/s using PCM:
(a) Sc/dp 5 1.39–7.41; (b) Sc/dp 5 3.79–4.77.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Ergun equation45 is 0.524, which represents a relatively
dense system. Here we examined the validity of the critical
Sc/dp for systems with different bed voidages, corresponding
to different flow regimes (i.e., dense or dilute flow). Specifi-
cally, the superficial gas velocity was altered to change the
flow regime with the average bed voidage eb, ave varying
between 0.524 and 0.88 (i.e., from dense to dilute). For a
specific average bed voidage (or flow regime), cell-to-
particle size ratios around the critical value (i.e., 2.38, 3.79,
3.82, and 3.9) have been used in the simulations.

Figure 5 shows the variation of the maximum value of the
normalized net mass flow rate as a function of cell-to-
particle size ratio for different flow regimes (eb,ave 5 0.524–
0.884). It can be seen that for Sc/dp< 3.82, wm, max is over
8.95% in all flow regimes. It means that the mass conserva-
tion law is not satisfied to a reasonable accuracy in the simu-
lation due to the incorrect void fraction calculation in
computational cells. However, wm, max consistently decreases
to a value below 0.001% in all flow regimes as Sc/dp

increases and exceeds the value of 3.82. Therefore, it can be
concluded that the critical Sc/dp 5 3.82 is independent of
flow regimes.

Moreover, as discussed above, the numerical instability of
a CFD-DEM simulation using PCM results primarily from
the small cell-to-particle-size ratio used for the simulation.
As the critical Sc/dp obtained above (i.e., Figure 4) was
based on the analysis of numerical stability of the simula-
tion, the critical Sc/dp is, thus, mainly dependent on the cell-
to-particle-size ratio used in the simulation. Other simulation
parameters, that is, particle size and particle properties (e.g.,
density, spring stiffness, and restitution coefficient) may gen-
erate different simulation outputs, but have no impact on the
accuracy of solid fraction calculation and hence the numeri-
cal stability of the simulation. Therefore the critical value of
Sc/dp (i.e., 3.82) is also independent of other simulation
parameters (i.e., particle size and particle properties).

Critical Sc for the solution of the two-phase flow

When the cell void fraction is accurately calculated using
the analytical approach, the CFD-DEM simulation is numeri-

cally stable and the quality of simulation results is deter-
mined merely by the computational cell size.

According to the definition of local mean variables for the
flowing field by Anderson and Jackson,5 the cell size should
be small enough compared with the scale of “macroscopic”
variations from point to point in the system and large enough
compared with the particle spacing. In other words, on one
hand, the computational cells need to be sufficiently fine
compared to the macroscopic characteristic length of the sys-
tem to resolve major small-scale structures of the fluid flow,
especially flow structures formed on subgrid scales.28,30,46

To this end, Sd was used to represent the macroscopic char-
acteristic length of the system. Subsequently, the ratio of Sd/
Sc describes the extent of the small magnitude of the compu-
tational cell size Sc when compared to the macroscopic char-
acteristic length Sd. Sd/Sc also quantifies the domain
resolution, that is, how fine the computational cells actually
are for solving the fluid flow in the domain. On the other
hand, the computational cell size cannot be too small com-
pared to the particle size, otherwise assumptions used to
derive the governing equations of the CFD-DEM model (i.e.,
local mean fluid variables), are not satisfied.5 Here, the cell-
to-particle size ratio (i.e., Sc/dp) is used to describe how
many particles may possibly be contained in a cell.

The influence of domain resolution (i.e., Sd/Sc) on the sim-
ulation results and the lower limit of Sc/dp to satisfy the
assumptions of CFD-DEM governing equations have been
investigated, as detailed below.

Influence of Domain Resolution (Sd/Sc) on the Solution of
the Two-Phase Flow. In the simulations, only the computa-
tional cell size was altered. All other simulation parameters
including domain size Sd and particle size dp remained
unchanged. Therefore, Sd/Sc and Sc/dp were both changing
when Sc was altered. However, the reverse of dimensionless
cell size Sd/Sc was used in the discussion of this subsection
to describe the domain resolution.

Figure 6 shows the snapshots of particles location over
time fluidized at Usf 5 0.9 m/s. The gas-solid flow in a gas
bubbling fluidized bed exhibits periodic features owing to
the evolution of bubbles, that is, from formation at the bot-
tom to eruption at the top. Therefore, snapshots of particle
location in a time period of 0.36 s of the gas-solid flow
showing a complete period of a bubble evolution in the sta-
tistical steady state (i.e., after 5 s) was compared against
those measured in experiments by van Wachem et al.29 The
top time series of snapshots (Figure 6a) presents the experi-
mental data of van Wachem et al.,29 and Figures 6b–f are
the simulation results using Sd/Sc between 7.9 and 22.9. As
Sd/Sc is changed, three distinct gas-solid flow patterns are
observed. At Sd/Sc� 19.3 (Figures 6b,c), the simulation
reproduces the gas-solid bubbling flow behavior captured in
the experiments.29 Specifically, the bubble size, shape, and
evolution including bubble formation, growth, coalescence,
eruption, and burst as well as the overall particle fluidization
characteristics such as bed expansion and bed oscillation fre-
quency are visually the same. Conversely, the simulated gas-
solid bubbling behavior is found to be significantly different
from the experimental observations as Sd/Sc is reduced to
17.4 and 12.2 (i.e., Figures 6d,e). In particular, the bubble
sizes are much smaller than those observed in experiments.
The bubble rising rate increases and as a result the bubble
has a shorter duration of evolution from formation to erup-
tion. The bed expansion height also becomes lower than that

Figure 5. Maximum value of normalized net mas flow
rate as a function of cell-to-particle size ratio
for different flow regimes.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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in experiments and has a faster oscillation frequency. In Fig-
ure 6e with Sd/Sc 5 12.2, the bubble shape are nearly sym-
metric and the bubbles are rising along the centerline of the
bed. Interestingly, when Sd/Sc decreases further to 7.9 (i.e.,
Figure 6f), the unexpected “slugging” fluidization regime is
observed at the early stage of the simulation, followed by
the formation of stratified layers of particles. The above
unexpected behaviors in Figures 6d–f suggest that the solu-
tion of the two-phase flow is incorrect when using a poor
domain resolution (i.e., Sd/Sc< 19.3).

Figure 7 shows vorticity contours on the xz plane at y/2
for Sd/Sc of 7.9, 12.2, 17.4, 19.3, and 22.9 for snapshots of
particle location shown at t 5 tb10.24 s in Figure 6. It can
be seen that as Sd/Sc increases and hence smaller cell sizes
are used, the resolution of fluid flow structures becomes

greater with more small eddies generated in the fluidized bed
being captured. In contrast, these small vortices do not exist
at Sd/Sc 5 7.9 (Figure 7a). That is because the important
meso-scale structures of the fluid flow remain unresolved
using large sized cells. These small eddies originating from
the interactions between the gas flow and particles in turn
are the driving mechanism for the heterogeneous motion of
discrete particles. As Sd/Sc increases from 12.2 to 17.4 (i.e.,
Figures 7b–c), the solution of the fluid flow significantly
improves with more small vortices being observed in the
dense-phase region. The fluid flow field, however, appears to
be symmetric, which is rather unrealistic since a bubbling
fluidized bed features heterogeneous flow characteristics.
The results suggest that for Sd/Sc of 12.2–17.4 the cells are
not yet sufficiently fine to fully resolve the major small-scale

Figure 6. Snapshots of particles location over time at Usf 5 0.9 m/s: (a) experiment; (b) simulation with Sd/Sc 5 22.9;
(c) simulation with Sd/Sc 5 19.3; (d) simulation with Sd/Sc 5 17.4; (e) simulation with Sd/Sc 5 12.2; (f) simu-
lation with Sd/Sc 5 7.9; tb is the beginning time of the series of snapshots showing the complete period
of a bubble evolution in the statistical steady state of the simulation.
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flow structures. The typical heterogeneous features of the gas
flow are revealed as Sd/Sc becomes equal or greater than
19.3, as shown in Figures 7d–e.

The influence of Sd/Sc on the gas-solid two-phase flow
characteristics was also quantitatively examined by analyzing
the local pressure signals. Figure 8 demonstrates the compar-
ison of the fluctuation of local relative pressure (45 mm
above the distributor) obtained experimentally (Figure 8a)29

with the simulation results for Sd/Sc ranging between 6.2 and
26.2 (Figures 8b–i). Generally three patterns of pressure fluc-
tuation can be distinguished as Sd/Sc varies between 6.2 and
26.2. At Sd/Sc� 7.9 (i.e., Figure 8i), the local relative pres-

sure remained unchanged after the initial response of 1 s or
so to the gas flow. This behavior corresponds with the
observed stratified particle layers shown in Figure 6f. For Sd/
Sc ranging from 9.7 to 15.9 (Figures 8f–h), the local pressure
is fluctuating with an almost constant frequency and ampli-
tude. The fluctuating frequency is found to be relatively high
while the amplitude is low in comparison to the experimen-
tal data. These trends are indicative of faster bubbling rising
rates and the formation of smaller sized bubbles.29,44 The
symmetrically shaped bubbles (Figure 6e) and the symmetric
fluid field at Sd/Sc 5 12.2 (Figure 7b) is consistent with the
above ordered pressure fluctuation. Beyond Sd/Sc 5 19.3

Figure 7. Vorticity contours on the xz plane at y/2 at Usf 5 0.9 m/s and t 5 tb10.24s (in Figure 6) for simulations
with Sd to Sc ratios of: (a) 7.9; (b) 12.2; (c) 17.4; (d) 19.3; (e) 22.9.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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(Figures 8b–d), the pressure fluctuation in terms of frequency
and amplitude shows an excellent agreement with the data
obtained experimentally (Figure 8a). The above results sug-
gest that Sd/Sc� 19.3 can be considered as a critical condi-
tion that needs to be met to satisfy the requirements of
domain resolution for the fluid flow solution in the CFD-
DEM simulation of a bubbling fluidized bed.

The use of a discretization scheme with a higher order of
accuracy was also examined to determine if it can improve
the accuracy of the solution of fluid flow and hence compen-
sate the inaccuracy caused using a large cell size. In the
present study, the third-order MUSCL scheme for the discre-
tization of convection term of governing equations has been

adopted in the simulation with relatively coarse computa-
tional cells (Sd/Sc 5 15.87). Table 3 shows the influence of
the discretization scheme on the simulation outputs in terms
of average maximum granular temperature (Hmax), time
series fluctuations of local bed voidage (e0.045), and local
pressure (p0.045) at 45 mm above the distributor, and the total
pressure drop (Dp) of the fluidized bed (different from the
reported pressure drop by van Wachem et al.29 that was
measured at 5 mm above the distributor). It can be observed
that essentially identical results have been obtained between
the third-order MUSCL scheme and the second-order
QUICK scheme, indicating that the value of Sd/Sc is inde-
pendent of discretization schemes for convective terms in the
momentum governing equations.

Lower Limit of Sc/dp for CFD-DEM Simulations.. To
examine the influence of Sc/dp on simulation results using
the analytical approach, simulations with fine meshes have
been performed with Sc/dp ranging between 1.29 and 1.76.
The dimensionless cell size Sc/dp was used for the discussion
of this subsection to investigate the lower limit of cell-to-
particle size ratio for valid CFD-DEM simulations.

The snapshots of particles location over time is shown in

Figure 9 at Usf 5 0.9 m/s. The top time series of snapshots

(Figure 9a) presents the experimental data of van Wachem

et al.,29 and Figures 9b–e are the simulation results using Sc/

dp between 1.39 and 1.76. Remarkably, for Sc/dp� 1.63 (i.e.,

Figures 9b and c), the solid flow pattern, bubble characteris-

tics, and fluidization behavior (as described above) predicted

by the model agree excellently with those observed in

experiments. However, for Sc/dp< 1.63 (i.e., Figures 9d and

e), clear differences exist between the experimental and the

simulated bed behaviors. Specifically, the bubble sizes are

much smaller and the bubble shape becomes rather irregular.

The bubble has a shorter duration of evolution and conse-

quently the bed expansion height is lower than that in

experiments with a faster oscillation frequency. Moreover,

the solid distribution appears more heterogeneous and more

small sized bubbles are observed across the bed.
Figure 10 compares the pressure fluctuation of local rela-

tive pressure (45 mm above the distributor) predicted using
different cell-to-particle size ratios against the experimental
data. Figure 10a is the experimental data measured by van
Wachem et al.,29 and Figures 10b–f are the simulation
results for Sc/dp 5 1.29–1.76. It can be seen that for Sc/
dp� 1.63 (i.e., Figures 10b and c), the predicted pressure
fluctuations agree well with that measured in experiments in
terms of the amplitude and frequency of the fluctuation.
However, as Sc/dp decreases below 1.63 (i.e., Figure 10d–f),
the predicted pressure fluctuations apparently deviate from
the experimental data with higher frequency and smaller
amplitude. As the cell void fraction is accurately calculated
by the analytical approach, the inaccurate prediction results
obtained for Sc/dp< 1.63 can be attributed to the too few
solid particles present in a cell when Sc/dp is too small. In
such cases, the assumptions that were used to derive the
CFD-DEM governing equations (i.e., local mean fluid varia-
bles) are no longer satisfied.5 As a result, the uncharacteristic
behavior of the gas-solid bubbling flow was obtained. The
above results simply suggest that Sc/dp 5 1.63 can be
regarded as the minimum cell-to-particle size ratio when
using the CFD-DEM model for simulations. It should be
also noted that the critical point Sc/dp 5 1.63 is applicable
only when the analytical approach is used in the simulation.

Figure 8. Local relative pressure fluctuation taken at 45
mm above the distributor at Usf 5 0.9 m/s for
(a) experiment; (b) simulation with Sd/
Sc 5 26.2; (c) simulation with Sd/Sc 5 22.9; (d)
simulation with Sd/Sc 5 19.3; (e) simulation
with Sd/Sc 5 17.4; (f) simulation with Sd/
Sc 5 15.9; (g) simulation with Sd/Sc 5 12.2; (h)
simulation with Sd/Sc 5 9.7; (i) simulation with
solid line representing Sd/Sc 5 7.9 and dash
line representing Sd/Sc 5 6.2.
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Reference map for selecting cell size and void fraction
calculation methodology

While it is established that the selection of CFD-DEM
computational cell size for simulation of a two-phase flow is
largely governed by the system parameters, no consensus
exists on the selection criteria. In this study, we have shown
that there are several criteria, which must be met to satisfy
the requirements for the application of PCM for calculating

cell void fraction and for the reasonable solution of the two-
phase flow. These criteria are (1) Sc/dp� 3.82 for the valid
application of PCM; (2) Sd/Sc� 19.3 to meet the require-
ments of domain resolution for the fluid flow solution; and
(3) Sc/dp� 1.63 to satisfy the assumptions of CFD-DEM
governing equations. Taking into account these findings, we
propose a reference map for the selection of computational
cell size for CFD-DEM simulations based on the relationship

Table 3. Influence of Discretization Schemes on the Simulation Results at Usf 5 0.9 m/s for Sd/Sc 5 15.87

Discretization
Scheme Hmax (m2/s2)

e0.045 (2) P0.045 (Pa)

DP (Pa)Mean (2) SD (2) Freq. (Hz) Mean (Pa) SD (2) Freq. (Hz)

QUCIK 0.0994 0.5693 0.1059 3.13 282.9833 72.6199 3.13 544.4603
MUSCL 0.0997 0.5668 0.1040 3.13 282.6946 69.7953 3.13 542.1363

Freq.: the dominant frequency by FFT analysis.

Figure 9. Snapshots of particles location over time at Usf 5 0.9 m/s: (a) experiment; (b) simulation with Sc/dp 5 1.76;
(c) simulation with Sc/dp 5 1.63; (d) simulation with Sc/dp 5 1.48; (e) simulation with Sc/dp 5 1.39; tb is the
beginning time of the series of snapshots showing the complete period of a bubble evolution in the sta-
tistical steady state of the simulation.
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between the domain-to-cell size ratio (Sd/Sc) and the cell-to-
particle size ratio (Sc/dp). Let us consider

y5Sd=Sc (16)

and

x5Sc=dp (17)

Dividing the numerator and denominator of Eq. 16 by par-
ticle diameter and substituting Eq. 17 in Eq. 16, the above
relationship can be expressed as

y5a
1

x
(18)

where a 5 Sd/dp. Equation 18 gives the function representing
the family of curves for the selection of computational cell
size. These curves are bounded by the limit conditions of Sc/
dp� 1.63 and Sd/Sc� 19.3. Figure 11 shows the reference
map, in which lines for alpha (a) values of 40, 93, 180, 300,
450, and 650 are plotted. The white-bounded area with the
plotted curves specifies the range of ideal computational cell
size for a CFD-DEM simulation; accordingly the gray areas
mark the regions of cell size, for which the results of a
CFD-DEM simulation become questionable if not incorrect.
In the region of solid lines (Sc/dp� 3.82), either PCM or the
analytical approach can be applied for calculating the cell
void fraction; in the region of dash lines (1.63� Sc/
dp< 3.82) only the analytical approach can be applied. For
example, for a given domain and particle size and hence

a 5 Sd/dp, a series of cell sizes can be obtained by selecting
different points on the alpha (a) curve. Depending on the
position of the point on the map, a corresponding methodol-
ogy can be selected for each point based on the following
criteria

Methodologyvoid fraction

5
Analytical 1:63 � Sc=dp < 3:82; Sd=Sc � 19:3

Analytical or PCM Sc=dp � 3:82; Sd=Sc � 19:3

(
(19)

To further support the validity of the proposed criteria for
the selection of computational cell size and void fraction cal-
culation methodology, the predictions of the map were com-
pared with the literature data, as shown in Figure 12. The
literature data collected for the validation are summarized in
Table 4. Total of 35 articles with 47 study cases of two-
phase flow simulations of fluidized beds are reported in this
table. The data were reduced from the original domain and
cell dimensions given in the literature. Equation 14 was used
for the calculation of the effective size, namely Sd and Sc, in
3-D cases. For 2-D or pseudo-2-D cases, an area-based
effective size was obtained. It should be noted that the
pseudo-2-D case adopted here merely refers to those with a
cell number of one along the depth direction, to fully con-
sider the influence of cell size variation along all directions
on a CFD-DEM simulation. In a few cases with binary mix-
tures, the larger particle size was used for the calculation as
dp. As Figure 12 shows, the majority (80.9%) of the dataFigure 10. Local relative pressure fluctuation taken at

45 mm above the distributor at Usf 5 0.9 m/s
for (a) experiment; (b) simulation with Sc/
dp 5 1.76; (c) simulation with Sc/dp 5 1.63; (d)
simulation with Sc/dp 5 1.48; (e) simulation
with Sc/dp 5 1.39; (f) simulation with Sc/
dp 5 1.29.

Figure 11. Reference map for selecting ideal computa-
tional cell size and the suitable approach for
calculating the cell void fraction.

The white-bounded area with the plotted curves speci-

fies the ranges of ideal computational cell size; the

grey areas mark the regions of inappropriate cell sizes

for CFD-DEM simulations. In the region of solid lines

(Sc/dp� 3.82), either PCM or the analytical approach

can be applied for calculating the cell void fraction; in

the region of dash lines (1.63�Sc/dp < 3.82) only the

analytical approach can be applied.
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points fall within the range specified for an ideal cell size
(i.e., the white region), indicating that the map can provide
an effective guideline for selection of cell size for simulation
of two-phase flows in bubbly fluidized beds.

However, a number of factors have to be considered when
using the reference map in CFD-DEM simulations.

1. Discrete data points were examined to determine the
critical values, as discussed above. Therefore, the criti-
cal values of (Sc/dp)PCM 5 3.82, (Sd/Sc)DR 5 19.3, and
(Sc/dp)CFD-DEM 5 1.63 are not exact values. Error bars
of 0.47, 4.77, and 4.57% (calculated by halving the
interval between the critical point and the adjacent
point) are expected for the critical values of (Sc/dp)PCM,
(Sd/Sc)DR, and (Sc/dp)CFD-DEM, respectively. As a result,
we have (Sc/dp)PCM 5 3.82 6 0.02, (Sd/Sc)DR 5 19.3
6 0.92, and (Sc/dp)CFD-DEM 5 1.63 6 0.07.

2. This reference map was developed based on numerical
experiments of gas-solid bubbling fluidized beds and
serves as a reference for the selection of computational
cell size and void fraction calculation methodology for
a CFD-DEM simulation. Care must be taken when
applied to systems with significantly different charac-
teristics since its application to other two-phase flow
systems are yet to be verified.

3. As can be observed in Table 4 and Figure 12, the refer-
ence map is applicable for both 2-D and 3-D cases and
also the liquid-solid systems.

Other parameters, for example, the domain width lx, have
also been examined as the characteristic length. However,
poor agreements were obtained between the reference map
and the literature (i.e., Table 4) due to the different domain
geometries and/or cell shapes used in those studies. For
example, only 25.5% of the cited studies followed the refer-
ence map when lx was used as the characteristic length.

Therefore, the volume-base-length Sd was adopted above as
the macroscopic characteristic length to derive the reference
map.

To address whether or not the reference map is problem
dependent, the nondimensional analysis based on the macro-
scopic characteristic length of the system (i.e., Sd) has been
performed. The dimensionless continuity and momentum
equations of the gas flow were derived and given as below
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where Sd is the macroscopic characteristic length; e0 is the
bed voidage of the packed bed of the particles; qg0 is the air
density; ug0 is the inlet gas superficial velocity; p0 is the
atmospheric pressure; g0 is the gravity acceleration velocity
of the earth ground, that is, 9.8 m/s2.

Therefore, four dimensionless numbers are obtained, that
is

a05
p0

qg0u2
g0

; b05
1

Re e0

; c05
1

e0

; and d05
Sdjg0j

u2
g0

(22)

Theoretically, if the above four dimensionless numbers are
the same as those in the current study, the reference map
can be applied to any new problem with a different Sd. For
cases with different dimensionless numbers, the majority of
them, as demonstrated in Table 4 and Figure 12, follow the
reference map. The results indicate that the reference map is
problem independent and can be applied to other problems
with a different Sd.

Conclusions

In the present study, the influence of the accuracy of cell
void fraction calculation on CFD-DEM simulation results
has been investigated. The requirements of computational
cell size for the application of PCM and the reasonable
solution of the fluid flow (i.e., meso-scale flow structures
being captured) have been discussed. The lower-limit of
computational cell size to satisfy the assumptions of CFD-
DEM governing equations has also been investigated.
Based on the results, a reference map has been developed
to be used as a guideline for selecting the ideal computa-
tional cell size and a suitable approach for calculating the
cell void fraction.

With a cell-to-size ratio smaller than 3.82, the numeri-
cal instability occurred in the simulation using PCM with
unreasonably high local pressure and the imbalanced mass

Figure 12. Validation of the reference map with data in
the literature, in total 35 CFD-DEM work
with 47 study cases including 2D and 3D,
gas-solid and liquid-solid systems.

AIChE Journal June 2014 Vol. 60, No. 6 Published on behalf of the AIChE DOI 10.1002/aic 2013



flow. With a cell-to-particle size ratio greater than 3.82,
the simulation was stable and the results were found to be
comparable with those using the analytical approach.

Using the analytical approach to calculate cell void fraction,
distinct results were obtained when using different domain-to-
cell size ratios. Specifically, with a domain-to-cell size ratio
lower than 19.3, the solution provided unrealistic gas-solid
bubbling behavior in terms of gas-solid flow pattern, bubble
characteristics, fluidization behavior and local pressure fluctua-
tion. Conversely, the simulation using a domain-to-cell size
ratio greater than 19.3 reproduced the gas-solid bubbling flow
behavior captured in the experiments. Hence the computa-
tional cells need to be sufficiently fine with a domain-to-cell
size ratio greater than 19.3 so the important small-scale struc-
tures of the fluid flow and hence the meso-scale features of
the two-phase flow can be resolved.

However, the results showed that when the computational
cell size was too small with a cell-to-particle size ratio less

than 1.63, the uncharacteristic behavior of the gas-solid bub-
bling flow was obtained due to the failure to satisfy the
assumptions (i.e., local mean fluid variables) for deriving the
CFD-DEM governing equations.

A reference map was developed based on the above criteria
of computational cell size. When the four dimensionless num-
bers (i.e., Eq. 22) were the same with those in current study,
the reference map can be applied with confidence to any new
problem with a different Sd. For cases with different dimen-
sionless numbers, the majority of them agreed with the predic-
tions of the reference map. The reference map can be used as
a guideline for the selection of computational cell size and the
approach for the calculation of cell void fraction.
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Zhuang et al.48 2D G-S 1 357.77 89.44 4 NS
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Norouzi et al.55 2D G-S 0.65 565.27 183.71 3.08 Analytical
Zhou et al.56 Pseudo2D G-S 10 146.97 36.74 4 NS
Feng et al.57 2D G-S 2 65 40 1.625 NS
Li et al.58 2D G-S 1 158.11 50.6 3.125 NS
Mansourpour et al.59 Pseudo2D G-S 1 200 66.67 3 Analytical
Wang et al.60 Pseudo2D G-S 0.075 178.89 67.08 2.67 Analytical
Wu et al.61 2D G-S 0.5 632.46 63.25 10 Analytical
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Notation

Symbols

A = area, m2

A = face area factor
Cd = drag coefficient

d = particle diameter, m
fc = collision contact forces acting on the particle, N
ff = total fluid forces acting on the particle, N
fd = drag force, N

fsg = local mean particle-fluid interaction forces, N
g = acceleration of gravity, m/s2.

I = particle inertia, kg/m2.

I = unit tensor
l = domain dimensions, m

m = particle mass, kg
Np = particle number inside a cell
Nn = node number around a particle

p = pressure, Pa
r = radius, m

Rep = particle Reynolds number
Sc = equivalent cell size, m
Sd = equivalent domain size, m

T = torque acting on the particle, N/m
Usf = gas superficial velocity, m/s

u = fluid velocity vector, m/s
Vc = cell volume, m3.

Vd = domain volume, m3.

Vi = volume of particle i, m3.

v = particle velocity vector, m/s
x = coordinates of a point, m

Greek letters

a = domain-to-particle size ratio
a0 = dimensionless number
b = momentum exchanging coefficient
b0 = dimensionless number
c = scaling factor
c0 = dimensionless number
d0 = dimensionless number
e = local void fraction

Dl = cell dimensions, m
Dts = solid time step, s

k = gas bulk viscosity, kg/(m�s)
m = shear viscosity, kg/(m�s)
q = density, kg/m3.

sf = viscous stress tensor
v = normalized maximum value of local pressure
r = local particle number density, m23.

u = fluid variables
w = normalized net mass flow rate
K = mass flow rate through cell faces, kg/s
H = granular temperature, m2/s2.

x = particle angular velocity, rad/s

Subscripts

c = cell
d = drag

DR = domain resolution
f = face
g = gas phase

i, j = particle index
p = particle phase
r = relative

x, y, z = direction
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Appendix A: Stress Tensor Gradient Force

When the viscous stress tensor gradient force has been con-

sidered, the fluid-particle interaction forces read

f f;i5 2Virp1Vi r � sfð Þ½ �1efd;i (A1)

where sf is the viscous stress tensor and expressed as

sf5lg rug

� �
1 rug

� �21
h i

1 k2
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3
lg

� �
r � ug

� �
I (A2)

Substituting Eqs. A1 and 6 into Eq. 5, the momentum equa-

tion of the gas flow becomes

@ eqgug

� �
@t

1r � eqgugug

� �
52erp1r � esfð Þ1f 0sg 1eqgg

(A3)

Simulations considering the viscous stress tensor term in the

governing equations were performed under the superficial veloc-

ity of 0.9 m/s. The analytical approach was applied for the cal-

culation of local void fraction.

A random particle was selected and tracked through the entire

simulation process (i.e., 10 s of gas-solid flow time). Different

fluid forces acting on the particle including drag force, PGF,

and stress tensor gradient force were monitored and recorded at

each time step. The data in the last 5 s were used for analysis.

Figure A1 shows the evolution of the magnitudes of drag force,

PGF, and viscous stress tensor gradient force (normalized by the

particle gravitational force). It can be seen that in comparison to

drag and PGFs, the viscous stress tensor gradient force is much

smaller (in an order of 1024). Therefore, the effect of viscous

stress tensor term on the simulation results is considered to be

negligible and the viscous stress tensor term in the governing

equations can be neglected with confidence.

Appendix B: Rolling Resistance Torque

The importance of rolling friction is valid for cohesive par-

ticles in gas systems,72 especially when simulating granular flow

with a local voidage close to that of a packed bed (i.e., 0.4), for

example, hopper discharge, sand piling, conveying, and packing

of granular material.43,73–76 In above cases, rolling friction plays

an important role in stabilizing particles.72,77

This study is focusing on free bubbling fluidized beds, in which

the average bed voidage is above 0.53. The rolling resistance

was, thus, assumed to be negligible, similar to the strategy

adopted in the literature.31,33,35 However, to confirm the validity

of the above assumption in the present study, the magnitude of

rolling resistance torque was calculated and compared to the mag-

nitude of the torque generated by the tangential contact force.

The directional constant torque model was used to calculate

the resistance torque.42,43,77,78 The model is expressed as

Tr;i52
XNpc

j50

lrjFn;ijj
xij

jxijj
ri (B1)

where mr is the rolling friction coefficient depending on the par-

ticle material; Fn,ij is the normal contact force; xij is the relative

angular velocity between particle i and j as

xij5
xiri1xjrj

ri1rj
(B2)

As the rolling friction coefficient of the particles used in this

study is not available, three values of mr, that is, 0.013, 0.065,

Figure A1. Comparison of the magnitude of different
fluid forces normalized by particle gravita-
tional force.

Figure B1. Comparison of the magnitude of torques act-
ing on the particle using a rolling friction
coefficient (mr) of (a): 0.013; (b) 0.065; (c) 0.13.
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and 0.13, were considered. These values cover the range of roll-

ing friction coefficients for typical particle types commonly

reported in the literature.42,43,77,78 The superficial gas velocity

was set at 0.9 m/s, as this velocity leads to the densest gas-solid

system and gives rise to more particle contacts in comparison to

other superficial velocities examined in this study.

The torques (generated by tangential contact force and by

rolling resistance) acting on a tracked particle have been moni-

tored and recorded for a simulation time period of 10 s. The

time series of the torques are shown in Figure B1. It can be

seen that the magnitude of rolling resistance torque is at least

100 times less than the torque due to the tangential contact

force. Hence it is reasonable to neglect the rolling resistance tor-

que in the present study.
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